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ABSTRACT Let B be the open unit ball in d and let a, b, C be three points in d which do not lie in a 
complex line, such that the complex line through a, b meets B and such that if one of the points a, 6 is in B 
and the other in GI^ \ B then < a\b >^ 1 and such that at least one of the numbers <a|c>, <6|c> 
is different from 1 . We prove that if a continuous function / on 6B extends holomorphically into B along 
each complex line which meets {a, 6, c} then / extends holomorphically through B, This generalizes the 
recent result of L. Baracco who proved such a result in the case when the points a, 6, C are contained in B. 
The proof is quite different from the one of Baracco and uses the following one variable result which we 
also prove in the paper: Let A be the open unit disc in (X . Given Q; G A let Cq be the family of all circles 
in A obtained as the images of circles centered at the origin under an automorphism of A that maps to 
a. Given CK, /3 G A, Ct ^ /?, and 77. G IN, a continuous function / on A extends meromorphically from 
every circle V G Cq, U through the disc bounded by V with the only pole at the center of V of degree 
not exceeding n if and only if / is of the form f{z) = ao{z) + ai{z)'z + ■ ■ ■ + an{z)^^ {z G A) 
where the functions Qj, < J < fl, are holomorphic on A. 



1. The main results 

Denote by A the open unit disc in (D. If a G (D and r > write A(a,r) = {C G 
(D: IC ~ 0^1 < Given a G A the Moebius map 

C^M«(C) = f^ (CgA) 

1 — aC 



maps the circles in A centered at the origin to the circles 



which are called the circles with the hyperbolic center a and we denote this family of circles 
by Cq. In particular, Cq is the family of all circles in A centered at the origin. 

If r is a circle we denote by c(r) its center, moreover, if F C A we denote by h(r) its 
hyperbolic center, that is, the unique point such that F G Ch{r)- In the case when a G bA 
then we denote by Ca the family of all circles in A which pass through a. 
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We say that a continuous function / on a circle T extends holomorphically (meromor- 
phically) from T if it extends holomorphically (meromorphically) through the disc bounded 

byr. 

If a function / on A has the form 

f(z) = ao{z) + ai(z)z+--- + an{z)z'' {z E A) (1.1) 

where a^, < i < n, are holomorphic functions on A then we say that / is a polyanalytic 
function on A (of order n < 1 if On ^ 0). Polyanalytic functions of order zero are 
holomorphic functions. 

If / is a polyanalytic function of order < n on A then for each circle F C A, the 
function z [z — c{T))^f{z) extends holomorphically from F; in other words, / has a 
meromorphic extension from F (to the disc bounded by F) with the only pole at the center 
of F, which is of degree < n. Indeed, if z E 6A(a, r) then z — a + j {z — a) so 

r r T''^ ~ ~ 
{z - aYf{z) ^ {z- a)'^ ao{z) + ai{z) a H H \- an{z) a H 



z — a 



z — a 



provides the necessary holomorphic extension through A(a, r). 
We begin with a one- variable result. 

THEOREM 1.1 Let a, P e A, a P, and /et n e N U {0}. Let f be a continuous 
function on A. Assume that for every circle F e Cq, U C/j the function z ^ [z — ciV))'^ f{z) 
extends holomorphically from V. Then the function f is polyanalytic of order < n on 
A and consequently for every circle F C A the function z ^ (z — c{r))^f{z) extends 
holomorphically from F. 

In [A2] M. Agranovsky obtained, in a real analytic case, a characterization of polyanalytic 
functions in terms of meromorphic extendibility from various families of circles. In the 
special case when / is real-analytic Theorem 1.1 follows from his work. In the case when 
n = 0, Theorem 1.1 follows from the result of A. Tumanov when a^P e hA [T2] and 
reduces to the results of the author when a G A, /? G hA [G2] and when a, /3 G A [G3]. 

Given a G (D^ we denote by C{a) the family of all complex lines passing through a 
Given h G (D^, b ^ a, we denote by A(a, b) the complex line passing through a and b. We 
denote by B the open unit ball in (D^. Using Theorem 1.1 we prove 

THEOREM 1.2 Let a,b be two points in (D^ such that A(a,6) meets B. Suppose that 
if one of the points a, b is in M and the other m (D^ \ B then < a\b >^ 1. Assume that 
a continuous function f on 6B extends holomorphically into B along every complex line 
L G £(a) U C{b) . Then for any c G A(a, b) fl B, the function f extends holomorphically into 
B along any complex line L G jC.{c). 

L. Baracco [B2] proved recently a conjecture of M. Agranovsky [Al]: If a,b, c E M do not 
lie on a complex line then C{a) U C{b) U £(c) is a test family for holomorphic extendibility 
for C(6B), that is, if f E C{bB) extends holomorphically into B along each complex line 
L G jC{a) \J jC{b) U C{c) where the points a, b, c are in B and do not lie on a complex line 
then f extends holomorphically through B. Another attempt to prove the conjecture was 
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presented in [A3] by M.Agranovsky who later found that the proof in [A3] is incomplete. 
Our proof of Theorem 1.2 provides a new, different proof of the result of Baracco. Indeed, 
Theorem 1.2 implies that / extends into IB along every complex line that meets IB and so 
/ extends holomorphically through IB [AV, S]. Since in our Theorem 1.2 the points a, b do 
not have to lie in B we get a more general result: 

COROLLARY 1.3 Let a,b,c be points in (D^ which do not lie on a complex line, such 
that A(a, b) meets IB and such that if one of the points a, b lies in IB, the other in (C^ \ IB 
then < a\b >^ 1 and such that at least one of the numbers < a\c >, < b\c > is different 
from 1. Then C{a) U jC{b) U jC{c) is a test family for holomorphic extendibility for C(6B). 

Remark For functions / in C°°(6B), C{a) U C{b) above is a test family for holomorphic 
extendibility, that is, the complex lines through two points suffice [G3]. This is no more 
true for functions in C'^(6B) [G3]. Corollary 1.3 implies that if N + 1 points in the open 
unit ball of (D^ do not lie in a (A^ — 1) dimensional complex plane then the complex lines 
passing through these points form a test family for holomorphic extendibility for continuous 
functions on the unit sphere in (D^. It is known that the complex lines through two points 
in the unit ball suffice for functions of class C°° for any dimension N [G3] . 



2. Poles at the hyperbolic centers 

We begin by a simple, but important observation of M. Agranovsky [A2] : 

PROPOSITION 2.1 Let T (Z A be a circle bounding the open disc D which is not 
centered at 0. The rational extension of z ^-^ (f{z) = 1 — \z\'^ from T has one zero in D, a 
single zero at h{r), and one pole in D, a simple pole at c{V). 

Proof. If r = 6A(a, r) then 2; e F implies that z = a + r^/ {z — a) so 



z ^ 1 — \z\ 



1-z 



a + 



z — a 



(2.1) 



is a rational function which has one pole a in D which proves the second statement. To 
prove the first statement, write 



where a e A, a y^O, and < R <1. U ( e bA then 

2_ (i-i?^)(i-|«p)C 

(l-aROiC-aR) 

which has one zero at C = and one zero at C = 00 which implies that the rational 
extension of (f from F has one zero aX z = a and the other zero at 2; = 1/a which proves 
the first statement. 
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Remark If F C A meets bA, that is, if F e Cq with a e bA then the rational extension 
of (f from F has one pole in a single pole at c(F), no zero in D and double zero at a. To 
see this, assume with no loss of generality that a = 1 and let F = {(1 — r) + r(: ( e bA} 
where < r < 1. Then, for C G bA, 

1 - 1(1 - r) + rCp = 1 - (1 - r)^ - r(l - r)C - r(l - r)/C - 

C^(r^-r)-2C(r^-r) + r^-r 

c 

^ r(r -1)(C-1)^ 
C 

which has a double zero at ( = 1. This, in particular, implies that if F e C^k the function 
( {z — a)^ I (1 — \z^\ defined an F \ {ct} extends continuously to F. 
Given a continuous function / on A and n e INT, set 



(1 - \z\^Y 

Given 7 e A consider the following two conditions (H) and (C) 

if 7 e A then [z — ^Y'Fiz) extends holomorphically from each F e 

if 7 e 6A then {z — ^)^'^F{z) extends holomorphically from each F e C-^ 



{z — c(F))"/(z) extends holomorphically from each F e C^. (C) 

If a G A and F G Cq, then by the preceding discussion [z — c{r))'^f{z) extends holomor- 
phically from F if and only if [z — a)^F{z) extends holomorphically from F. Moreover, if 
a G bA and F G Cq, then {z — c{r))'^f{z) extends holomorphically from F if and only if 
{z — a)'^^F{z) extends holomorphically from F. This gives 

LEMMA 2.2 Let f be a continuous function on A and let n G IN. Let 



(i-kP)' 



Then for each 7 G A, (H) and (C) are equivalent. 

Note that if ct G A then [z — a)'^F{z) extends holomorphically from each F G Cq if and 
only if z'^{F o Ma){z) extends holomorphically from each F G Cq. 

Assume for a moment that we have proved Theorem 1.1 in the following cases 

(i) a G A, a ^ 0, ^ = 

(ii) a G 6A, /3 = 

(iii) a = —1, /3 = 1, 

that is, that we have proved that if (C) holds for 7 = a, j — P with a,P as in (i), (ii), 
(iii), then (C) holds for every 7 G A, or, equivalently, if (H) holds for for 7 = a, 7 = /5 
with a,/3 as in (i), (ii), (iii), then (H) holds for every 7 G A. 
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Assume now that a e A, ^ e A, /? 7^ a, and that (C) holds for 7 = a, 7 = ^. By 
Lemma 2.2 (H) holds for 7 = a, 7 = ^. This means that both 

^"(FoM«)(^) and z''{FoMp){z) 

extend holomorphically from each F e Co- In particular, 

z^{FoM^)o{M-^oMp){z) 

extends holomorphically from each F e Co so for some 7^ 0, z'^{F o Moc){M§{z)) extends 
holomorphically from every F G Cq. Since the function z ^ {1 — \z\'^)'^{F o Mq,)(^) is 
also continuous on A, Theorem 1.1 in the case (i) above implies that for each G A the 
function z'^{F o M^)i^z) extends holomorphically from each F G Co which means that (H) 
holds for every 7 and consequently (C) holds for every 7. This shows that Theorem 1.1 
holds for every a G A and every ^5 G A, ^5 7^ a. 

Assume now that (C) holds for 7 = 0, 7 = /? where a G A, /3 G 6A. By Lemma 
2.2, (H) holds for 7 = a, 7 = /3. In particular, z'^{F o Ma){z) extends holomorphically for 
each F G Cq and [z — l3)'^^F{z) extends holomorphically from each F G Cp. It follows that 
{z — l3)'^'^{F o Ma){M~^{z)) extends holomorphically from each F G C^ which means that 
w {Ma{w) - Mo,M-'^P)^'^{F o Ma){w) extends holomorphically from each F G C^-i(/3) 
which is the same as to say that {w — M~^{P)^'^{F o Ma){w) extends holomorphically 
from each F G C^-i^^-j, that is, F o Ma satisfies (H) for 7 = and for 7 = M-^{P). By 
Theorem 1.1 in the case (ii) above it follows that (H) holds for F o for every 7, that 
is, z'^{F o M(^){M^{z)) extends from Co for every oj so so for every 5 G A, z'^{F o Ms){z) 
extends holomorphically from each F in Co, that is, (H) and consequently (C) holds for 
every 7. 

In the same way we show that if a, f5 G bA and if (C) holds for 7 = cc, 7 = /5, then, 
using Theorem 1.1 in the case (iii) above we see that (C) holds for every 7 G A. 

All this shows that, after a rotation if necessary, it is enough to prove Theorem 1.1 in 
the cases when 

a = t, 0<t<l, and p = 0, (2.2) 

a = l, /3 = 0, (2.3) 

a=-l, /3 = 1. (2.4) 

Suppose that we have done this. Then we have also proved 

THEOREM 2.3 Let F be a continuous function on A such that z ^ (1 
continuous on A. Let a,f3 & A, a ^ 13 and assume that (H) holds for 7 - 
Then 

where f is polyanalytic of degree < n. In particular, (H) holds for every 7 G A. 
3. Proof of Theorem 1.2 assuming Theorem 1.1. 



- \z\'^YF{z) is 
= a and 7 = ^5. 
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In this section we deduce Theorem 1.2 from Theorem 2.3. Along the way we describe, 
for a given complex line A in (C ^ that meets IB , those continuous functions on 6IB that 
extend holomorpliically into IB along each complex line L G C{c), c G A fl B. We already 
know that each such function which is of class C°° necessarily extends holomorphically 
through B. 

So let o, h be two points in (T^ such that A(a, h) meets B, and suppose that if one of 
the points is in B, the other in (D^ \ B then < a\b >^ 1. Assume that / G C(6B) extends 
holomorphically into B along every complex line L G £(a) U 

As in [G3] We use Moebius transforms to show that it is enough to prove the statement 
of Theorem 1.2 in the special case when A(a, 6) is the 2;-axis and in one of the following 
two cases: 

(i) o = (ti, 0), h = (t2, 0) where < ti < t2 < oo, t2 ^ 1/ti 

(ii) a=(l,0), 6= (-1,0). 

As in [G3] or [Al] we now use the Fourier series decomposition and averaging to reduce 
the problem in (D^ to a series of one variable problems. For each 2; G A, write the Fourier 
series 

00 

/(^,e^^^/r^N^~ E Cn(^)(e^^A/r^N^)" (3.1) 

n= — oo 

so that 

f{z,w)^ E {{z,w)ehB, w^Q,). (3.2) 

n=— 00 

Clearly the coefficients 

are continous on A and if n < they extend continuously to A with zero boundary values. 

If 2:0 G (C and if / extends holomorphically into B along each complex line passing 
through (^0,0) then in the sum (3.2) the same holds for each term: 

^n{z,w) = ^f e-'^'f{z,e''w)de = w^Cn{z), 

a continuous function on 6B. Converse also holds: If each term w'^Cn{z) in (3.2) extends 
holomorphically into B along each complex line through {zo,0) then the same holds for 
/. This is so since / is uniformly continuous on 6B and so the family of functions e*^ i-> 
f{z, c'^a/I — l^p), 2 G A is uniformly equicontinuous on bA. The proof of Fejer's theorem 
[H] shows in such a case f{z,e^^ a/1 — l^l^) is the limit of Cezaro means of the Fourier series 
(3.1) which is uniform with respect to 2 G A. 

Notice that w'^Cn{z) extends holomorphically into B along each A G £((t, 0)) if and 
only if {z — t)'^Cn{z) extends holomorphically from each F G Ct in the case when < t < 1 
and from each T e Ci/t in the case when 1 < t < 00 [G3] . 
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We will now apply Theorem 2.3 to each c„. If n < then is continuous on A and 
vanishes identically on bA if n < 0. If n > then we know that (1 — \z\'^)'^^'^Cn{z) extends 
continuously through A and so the same holds for (1 — \z\'^)'^Cji{z). 

Assume now that / extends holomorphically into B along each L e jC{a) UC{b) where 
o, b are as in (i). If n < this implies that extends holomorphically from each circle 
belonging to U where < ri < r2 < 1 and since Cn extends continuously to A it 
follows by the main results of [G2, G3] that is holomorphic on A. Since it is continuous 
on A and vanishes identically on bA it follows that it vanishes identically on A. 

Now, let n > 0. Now again, we have that {z — Tj)^Cn{z) extends holomorphically from 
each T e C-ri j = 1,2, which, by Theorem 2.3 implies that 



9n{z) 
(l-l-^P)' 



where the function ^„ is polyanalytic of order < n on A and consequently, for every 7 e A, 
(;z — 7)"^Cn(-2) extends holomorphically from each F G C-y which implies that for each n > 
and for each 7 G A the function w'^Cn{z) extends into IB holomorphically along each 
L G i3((7, 0)) and hence, by the preceding discussion, the same holds for /. 

Similar reasoning applies in the case (ii). This completes the proof of Theorem 1.2. 

One should mention that the idea of multiplying Cn with (1 — \z\'^)'^ to achieve the 
regularity at the boundary and thus shifting the poles from the hyperbolic centers to the 
centers is due to M. Agranovsky [Al, A2]. 

Remark On bB we have = l — l^psoit follows that, for n > 0, 

SO 

n r ^ _ 9n{z) _ fi^no(^) + 9m {z)z + h gnn{z)z^ o\ 

It is easy to check directly that for each k, < k < n, and for each complex line L G 
£((7, 0)) where 7 G A, different from the 2— axis, the function 

[z,w) ^ ^ = w"' 



(1 - 

extends holomorphically into B along L. This is so since 



z {z- 7)" 



(1 - 



extends holomorphically from each circle F G C-y. In fact, the holomorphic extension of z 
from F has the pole of order 1 at c(F) and the same holds for 1 — On the other hand, 
the rational extension of 1 — |2;p from F has the only zero at 7. 
By the preceding reasoning we proved 
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COROLLARY 3.1 Let f e C{bB) and let 

oc 
— oo 

be its Fourier series. The following are equivalent: 

(i) f extends holomorphically ito B along each complex line that meets A x {0} 

(a) for each n E Z, {z^w) i— )■ w"'Cn{z) extends holomorphically into B along each 

complex line that meets A x {0} 
(Hi) if n < then Cn{z) = 

and ifn>0 then the function {z,w) ^ Cn{z)w^ , continuous on hB has the form 

1 z z'^ 

Cn(^)«;" = Cno{z)— + Cnl{z) — + Cnn{z) — 

whwre Cno, c^i, ■ ■ ■ c^n are holomorphic functions on A. 

Obviously, by Theorem 1.2, for either (i) or (ii) to hold it is enough that it holds for 
complex lines through two points of A x {0}. 

Remark When we want to construct examples we must take into account that the func- 
tions {z,w) i-> w"'Cn{z) must be continuous on 6B. For instance, the following standard 
example is of this sort: 

^ = ^'-T^ = A(l - 1^1')' = - '^^z + z'z^). 

Remark We present another example, due to M. Agranovsky. Given a, P e A, a ^ /3, 
the function 

/X (z — a)(z — 3) , . , 

'^(^)= l-|^|2 (^e^) 

extends holomorphically from every F e U C^. 
Now, let 1 < ti < t2 < oo. The function 

,3 (.-iA.)(^-iA.) ^g 

1 — \zY' W 

{w = 0) 

is continuous on bM and extends holomorphically into B along any complex line meeting 
A X {0} as well as along any complex line in C{{ti,0)) U£((t2,0)), yet does not extend 
holomorphically through B. Obviously, finitely many points on the z axis outside B are 
also possible. 

4. Towards the beginning of the proof of Theorem 1.1 

We have already seen that it is enough to prove Theorem 1.1 in the cases (2.2), (2.3) 
and (2.4). We first look at (2.2). In this case we have to prove 

8 



{z, w) 



THEOREM 4.1 Suppose that Q < t < I and let n e U {Qi} . Suppose that f is a 

continuous function on A such that for each circle F G Co U Ct, the function f\V extends 
meromorphically through the disc hounded by F with the only pole of order < n at the 
center of F. Then f is of the form 

f{z) = aQ{z) + ai{z)z-\ h am{z)t^ 

where m < n and where aj, < j < m, are holomorphic functions on A, 

The proof of Theorem 4.1 wiU be our major task. We wiU provide a detailed proof. At the 
end we will indicate how to modify the proof to treat (2.3) and (2.4) 

As in [G2, G3] we shall use semiquadrics introduced in [AG] and [Gl] to transform 
the problem into a problem about holomorphic extensions of CR functions on surfaces 
consisting of these semiquadrics. The principal idea to apply the reasoning of H. Lewy 
and H. Rossi in this context is due to A. Tumanov and is described in [T2], and, for 
holomorphic extensions applied in [G2, G3]. There, the final step was to apply the Liouville 
theorem to conclude that the main function is constant in the second variable. The proof is 
considerably more complicated in the case of meromorphic extensions, where we apply the 
generalized Liouville theorem to conclude that the function is a polynomial in the second 
variable. In [G2, G3] we were dealing with holomorphic extensions to semiquadrics where 
the maximum principle assured continuous dependence of extensions on the parameter. 
Now we will be dealing with meromorphic extensions where we do not have the maximum 
principle so we will need the following preliminary 

LEMMA 4.1 Let I C Ji be an interval. Let n G IN and let {(, t) i-> $(1^, t) he a continuous 
function onbAxI such that for eacht G / the function C, ^ (^{C,A) extends holomorphically 
through A \ {0} and has a pole at of degree < n. Denote the extension by $. Then 

$(C,O-^ + --- + ^^ + 0(C,t) (CeA\{0}) 

where the functions dj are continuous on I, Q is continuous on Ax I, and for each t & I, 
C !->■ Q{C,t) is holomorphic on A . 

Proof. The function {(,t) 1-^ *(C)^) = C"'^(C)^) is continuous on 6A x 7 and for each 
t, C *(C)^) extends holomorphically through A. Denote this extension by ^. We have 

^ic t) = doit) + rfi(t)c + • • • + dn-i{t)c~' + re(c, t) (c G A) 

where for each j, < j < n — 1, 

dj{t) = ^ j e-''^^{e'\t)de 

is continuous on / and where for each t e I, the function ( 6((^, t) is holomorphic on 
A. The function 



(C,«)-e(C,«) = iM-^-...i?^ (Ce6A) 
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is continuous on bA x / and so by the maximum principle it follows that it is continuous 
on A X /. This completes the proof. 

5. The geometry of semiquadrics, Part 1 

Given a e (D and r > let 

A(a, r) = {(z, w) e C^: {z - a)(w - a) = r^, < \z - a\ < r} 

= {(z,a-\ ): < \z - a\ < r] 

^ ^ z — ' 

be the semiquadric associated with the circle 6A(a,r). Write E = {(C,C): ^ G (D }. 
A(a, r) is a closed complex submanifold of (D^ \ S which is attached to S along 6A(a, r) = 
{(Cj 0- C £ 6A(a, r)}. The crucial property of these semiquadrics which will connect our 
problem with a problem in CR geometry is the following: 

A continuous function g extends meromorphically from a circle 6A(a, r) with the pole of 
degree < n at a if and only if the function G, defined on 6A(a, r) by G{C, C) = diC) (C ^ 
6A(a, r)) extends holomorphically through A(a, r) and has a pole of degree < n at the point 
at infinity. In fact, if we denote by the letter g the holomorphic extension of g through 
A (a, r) \ {a} the function 

2 

G(z,a + ^—)=g{z) {z eA{a,r)\{a}) 
V z — a/ 

provides the necessary holomorphic extension of G through A(a,r). In our case, we have 
two families of circles; 

Co = {bA{0,R): < i? < 1} 

and 

Ct = {bA{T,p{T)): 0<T<1} 

where 

p(T) = V(T-t)(T-l/t) 

[G3] and consequently we will deal with two families of semiquadrics: the first family 
{A{0,R), < J? < 1} and th^second family {A(T, y/iT - t){T - 1/t)): 0<T <t}. Our 
function F{(^, ^) = f{Q e A) extends holomorphicall to each semiquadric of each family 
and these extensions will then define a CR function on a hypersurface in (D^ that we study 
and describe in detail. 

In the first family the semiquadrics are pairwise disjoint. Let L be the union of their 
closures in (D x (D; 

L= [j [A(0,i2)u6A(0,i2)]. 

0<fl<l 

In [(D \ {0}] X (D , the set L is a smooth hypersurface with piecewise smooth boundary 
consisting of A(0, 1) and {(C,C): C e ^ \ {0}- 
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In the second family all semiquadrics contain the point {t,l/t) but otherwise are 
pairwise disjoint, that is, the sets A(T, p{T)) \ {{t, 1/t)} are pairwise disjoint. The closure 
of their union in [(D \ {t}] x (D, that is, the set 

N= [j [A{T,p{T))UbA{T,p{T))]\{{t,l/t)} 

0<T<t 

is a smooth surface in [(C \ {t}] x (D with piecewise smooth boundary consisting of A(0, 1) 
and{(C,C): C eA\{t}}. 

6. The geometry of semiquadrics, Part 2 

We now fix 2; e A \ {0} and describe how the semiquadrics A(0, R), < R < 1, and 
A{T, p{T)), < T < t, intersect the complex line {z} x (D. Each semiquadric intersects 
{z} X (D at at most one point. For a semiquadric from the first family the intersection 
{z, v{R)) G A(0, R) exists iff R{z) < R < 1 where R{z) — \z\. As R increases from R{z) to 
1, the point v{R) moves along the segment connecting z and 1/z from z to 1/z [G3]. 

Assume now that Qz ^ 0. Denote by the arc on the circle passing through t,l/t 
and z (and consequently passing through 1/z) which joins 1 and 1/z and does not contain 
t and 1/t. Let T{z) be such that z G bA{T[z), p{T{z))). For the semiquadric from the 
second family the intersection {z,w{T)) G A(T, p(T)) exists if and only if < T < T{z). 
As T increases from to T{z)., w{T) moves along from 1/z toz [G3]. 

Now, let z = r], < rj < t. Let v{R) be such that (rj, v{R)) G A(0, R) and let w{T) 
be such that {r],w{T)) G A(T, p(T)). It is easy too see that as R increases from R{r]) = rj 
to 1, v{R) G IR increases from r] to 1/r]. As T increases from to r], w{T) G IR increases 
from rj to l/rj. As T increases from to ry, w{T) increases from l/ry to 00. As T increases 
from r] to T{rf} then w{T) G H increases from —00 to r]. 

Situation is entirely different if 2; = 77 where either — l<?7<Oort<?7<l. In this 
case we have "folding": when R increases from Rivj) to 1, v{R) moves from 77 to l/r] and 
when T increases from to T{rj) then w{T) moves from l/rj to rj. 

The preceding discussion offers a "fiber" description of L and N . We clearly have 

L= IJ {z}xJ,. 
zeA\{o} 

To describe N , recall that so far we have only defined for ^ G A, '^z ^ 0. We now define 
A^ for 2 = ?7 G IR. If < ?7 < t then let A^ = (—00, rj] U [l/r], 00) and when — 1 < ry < 
then let A^ = [l/r/, r/] and when t < r] <1 then let A^ = [77,1/77], Finally, let Aq = (—00, 0], 
and At = {t}. Then it is easy to see that 

N= IJ {z}xX,. 

z&K\{t} 

7. The domains bounded by L and N 
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Both L and N are smooth, unbounded surfaces with boundary. They have common 
boundary consisting of {(C,C): C ^ ^ \ {0,^}} and A(0, 1). They have no other common 
points of the form (z, w) where z G A \ [(—1, 0] U [t, 1)]. The situation is different for the 
points z G (—1, 0) U (t, 1). In this case Jz = Xz- H f] E (—1, 0) U {t, 1) then — is the 
segment joinig rj and l/rj. . 

For each ^ G A, Qz 0, U is a simple closed curve bounding a domain that we 
denote by Dz. If '^z > then Dz is contained in the lower halfplane and if '^z < then 
Dz is contained in the upper halfplane. When ^ G A approaches a point a G 6A, $5a 7^ 0, 
then the domains Dz shrink to the point {a}. When z, '^z > 0, approaches a point 
rj, < rj < t, then Dz become larger and larger and in the limit they become the lower 
halfplane. When z, Imz < 0, approaches a point 77, < ry < t, then Dz become larger and 
larger and in the limit they become the upper halfplane. When z, '^z > 0, approaches a 
point r] G (—1, 0) U (t, 1) then the domains Dz become thinner and thinner and in the limit 
they shrink to the segment with endpoints rj and l/rj. The same takes place for '^z < 0. 

As usual, denote by tt the projection 7r{z, w) = z. 

We now define two domains in (D^: Let 

y {z} X Dz and n_ = |J {z} x Dz. 

zeA, Qz>0 zeA, Qz<0 

Clearly Q+ C {{z,w): < 0} and fi_ C {{z,w): > 0}. Obviously 

bQ+ n {{z, w): Qz>0} = {NUL)n {{z, w): Qz > 0} 
bn_ n {(z, w): Qz<0}=(NUL)n {(z, w): Qz < 0}. 

Further, 

bn+nTr-\{0,t)) = y [{z} X {w e G^:Qw <0}] 

0<z<t 

and 

6f]_n7r-^((0,t)) - U [{z} X {w e(£:Qw>0}]. 

0<z<t 

Obviously, 

61]+n7r-\(-l,0)) = 6n_n7r-\(-l,0))= (J {ryjx [1/^7,^7] 

-l<r7<0 

and 

61]+n7r-\(t,l))=6f2_n7r-i((t,l))= (J {r;} x [ry, 1/^]- 

t<7?<l 

8. Our CR function on LUN 

Let n G N U {0}, < t < 1 and suppose that / is a continuous function on A that 
satisfies the assumptions of Theorem 4.1. 
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Define 

nC,C) = /(C) (CeA). 

F is a continuous function on (): ( e A}. The assumptions together with the continu- 
ity of F and Lemma 4.1 imply that the function F extends from LflS = {{(X)' C ^ A\{0}} 
continuously to L such that the extension $ is holomorphic on each fiber A(0, R) of L with 
a pole of degree < n at infinity. Thus, $ is a CR function. Similarly, the function F extends 
from NnT, = ( e A\{t}} continuously to N so that the extension is holomorphic 

on each fiber A(T, p(T)) \{{t, l/t)}, <T <t, with a pole of degree < n at infinity. Thus, 
* is a CR function. The functions $ and * coincide on {(C, C): C ^ A \ {0,t}} U A(0, 1), 
the common boundary of L and A^. Since in 7t~^ (A \ [(—1, 0] U [t, 1)]) there are no other 
common points of L and we can define the function F on M where 

M = (LUN)\ [[(-1, 0] U [t, 1)] X (D] 

which extends the original F and is equal to $ on L and to \1/ on A^. The function F so 
obtained is continuous on M and holomorphic on each fiber of M so it is a CR function 
on M. 

Our final goal will be to show that on M we have 

F{z, w) = ao{z) + ai{z)w H h an{z)w'^ 

where aj, < j < n, are holomorphic functions on A which will then imply that 

f{z) = F{z,z) = ao{z) + ai{z)z + h an(-z)^" 

on A, which is the statement of Theorem 4.1. 

In exactly the same way as in [G2, G3], following an idea of A.Tumanov [T2], we now 
use an argument of H. Lewy [L], extended by H. Rossi [R], to show that the function F 
that is CR on M extends holomorphically through {z} x Dz for each ^ G A, '^z ^ and 
that the extension so obtained is holomorphic in z. In this way we obtain a function F that 
is holomorphic on and on and which extends continuously to U^eA Qz>o^^^ ^ ^-^z; 
a part of boundary of Q+, and to U^eA Qz<oi^} ^ ^D^, a part of boundary of 

Before we proceed, notice that our function F is well defined on (0, t) x H. 

We will now show that the continuity of F on M implies that 

F extends continuously to fl+ U [(0, t) x {w: '^w < 0}] (8.1) 

and 

F extends continuously to Q- U [(0, t) x {w: > 0}]. (8.2) 

We will also show that our assumptions imply that for each r], < r] < t there is a constant 
c{r]) such that 

m^,C)l<c(r7)(l + |C|)'^ (Ce(C)- (8.3) 
Suppose for a moment that we have done this. 
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Since F is holomorphic on fl^ U n_ it follows that the extended function F is holo- 
morphic on [{r]} x > 0}] U [{ry} x {Q( < 0}] and continuous on {r]} x (D for each 
?7, < ?7 < t, so for each such r], the function F is holomorphic on {t]} x (D. By (8.3) it 
follows that for each rj, < rj < t, w ^ FiV: is a polynomial of degree < n. 

9. Polynomial in the second variable 

The fact that for each r/, < < t, the function w i-> F(?7, w) is a polynomial of 
degree < n implies, for instance, that for each such ry. 



{r],w) = {k>n+l,^w<0). 



For each 77, < r] < t, and for each t^o, '^wq < 0, there is a neighbourhood C (D of ry 
and a neighbourhood of wq, such that for each k, is continuous on {z G U,^z > 
0}xW {a consequence of expressing the derivatives with the Cauchy integral formula) and 
holomorphic on {z e U:Qz > 0} x W. By the preceding discussion, for each k > n + 1, 

vanishes identically on {z e C/, = 0} x W, so it follows that it vanishes identically 
on {z G U, '^z > 0} X W, an open subset of 0+, and since it is holomorphic on Q^, it 
follows that it vanishes identically on as is connected. Thus, 



{z,w)^Q (/c>n + l) for aU (2;, w) e ri+. 



(9.1) 



In the same way we prove that (9.1) holds for all z e Recall that for each z e 

A, ^z ^ 0, Dz is connected and hence (9.1) implies that for each such 2;, there are 
numbers 00(2;), ••• , an{,z) such that 

F{z, w) = ao{z) + ai{z)w H h aniz)w'^ {w G D^). 

Since F is holomorphic on it follows that z f-> a,j{z) (0 < j < n) are holomorphic 
on {2 G A, 3=2 > 0}. In the same way we see that ao, ■ ■ • , are holomorphic on {2 G 
A:^z < 0}. 

Choose distinct points wo,wi, ■ ■ - Wn G {Qw < 0}. We have assumed (8.1) hence F 
extends continuously to n_|_U[(0, t) x {'^w < 0}] and it follows that there is a neighbourhood 
U of (0, t) in (D such that for each j, < j < n , the function 2 1— >■ F{z,Wj) extends 
continuously from {2 E U, 9=2 > 0} to {2 E U, 9=2 > 0} U (0, t). Since 



ao(^) 








-1 


"F(z 


Wo) 


_an(2;)_ 










_F(^, 





(9.2) 



where the inverse of the Vandermonde matrix on the right exists since Wj, < j < n 
are distinct, it follows that each aj extends continuously from {2GA: 92>0}to 
{z G A: 9=2; > 0} U (0,t). In the same way we see that the functions ao, • • • , extend 
continuously from {z G A, 9=2; < 0} to {z G A, 9=2; < 0} U (0, t). 
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Recall that for each rj e (0,t) and s e H, F{r], s) is well defined and for all s e H we 

have 

F{ri, s) = a+{ri) + a+{7j)s + ■■■ + a+{7^)s^ {s e R) (9.3) 
where ai" are continuous extensions of aj from {(^ G A, 9C > 0} ^^id 

F(?7,s) = ao(??) + ar(??)s + --- + a;(?7)s" G R) (9.4) 

where a~ are continuous extensions of aj from e A, < 0}- Now, (9.4) and (9.3) imply- 
that aJ = aJ on (0, t) for each j, < j < n, which implies that there are holomorphic 
functions aj, < j < n, on A \ [(—1, 0] U [t, 1)], such that 

F(z,w) = ao{z) + ai{z)w-{ \- an(z)w'' for aU {z,w) E Q-Un+U[{0,t) x 

In the next section we show first that the functions aj, < j < n, extend holomor- 
phically also across the intervals (—1,0) and {t, 1) and then we show that the remaining 
points and t are removable singularities for all these functions. 

10. Analyticity of the coefficients 

Our extended function F is well defined on both 

U {z} X and |J {z} x D, 

where A+ = {(^ G A: '^z > 0} is the upper half of A and A_ is the lower half of A. 

For each z E A, '^z ^ 0, denote by the segment from ^ to 1/z (the straight part of 
bDg) and by Jz the circular arc part of bD^. The sets Iz and Jz meet at the points z and 
1/z. For — 1 < a; < we define = Jx — (1/^^, x)- Since the points of {x} x belong to 
both families of semiquadrics there is a problem of defining F on {x} x I^. At each point 
of {x} X we have two different values of F: one comes from values of extensions on the 
first family and the other from the values of extensions on the second family. From the 
definition of F we know that 

the function F extends continuously to \^ {z} x Iz- (10-1) 

zeA+UA_U(-l,0) 

For z = X E (—1,0) denote this extension by (p{x,w) {w e {l/x,x)). Clearly Lp{x,w) is 
the value of the extension of the original F to the semiquadric A(0, i?) of the first family 
which passes through {x,w), at the point {x,w). Similarly, 

the function F extends continuously to {z} x J^. (10.2) 

2eA+UA_U(-l,0) 

For z — X E (—1,0) denote the extension by 'il){x,w) {w G {l/x,x). Here il){x,w) is the 
value of the extension of original F to the semiquadric K{T,p{T)) of the second family 
which passes through {x,w), at the point {x,w). 
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We will show that <^ and '4> coincide and that for each x e (—1,0) there are numbers 
Pq{x), ■ ■ ■ ,Pn{x), such that 

(f{x,y) = i^{x,y) ^ po{x) + pi{x)y \- pn{x)y"' {1/x <y <x), 

and we will then show that for each x e (0, 1) and for each j, < j < n, Pj{x) is the value 
at X of the continuous extension of a-,- from A+ U A_ to A+ U A_ U {x}. 
We need the following 

LEMMA 10.1 Letpm{w) = amo + O'miw + ■ ■ ■ + amnw"^ be a sequence of polynomials. Let 
Wmii 1 < ^ < n+1, he sequences of points in (D, converging to distinct points zwi, • • • , Wn+i, 
respectively. Suppose that for each i, 1 < i < n + 1, the sequence Pmiwmi) converges. 
Then there are ckq, • • • , ctn such that ami converges to ai for each i, < i < n, and 
therefore, the sequence pm converges, uniformly on compacta, to the polynomial p{w) = 
cto + ctiw + ■ ■ ■ + a^to"". In particular, Pm{wmi) converge to p{wi), 1 < i < n + 1, for any 
sequences Wmi converging to Wi, 1 < i < n + 1. 

Proof. Since wi, - ■ ■ , Wn+i are distinct the Vandermonde matrix 

l,Wi, 



... • 

V{wi,- ■ ■ ,Wm+l) = ■■■ 

is nonsingular and consequently for all sufficiently large m the matrices 



V{Wml, Wm,n+l) = 



are nonsingular and as m — > oo, converge to the nonsingular matrix V{wi, ■ ■ ■ , Wn)- Conse- 
quently, for m sufficiently large, the matrices V{wmi, ■ ■ ■ , Wm,n+i)~^ are well defined and, 
as m ^ oo, they converge to V{wi, • • • , Wn+i)~^- Since 



Pm{Wml) 
Pmi'Wm,n+l) 



= V{w 



ml 



it follows that 



O'mO 



= V{w. 



ml ■ ■ ■ 



5 "^mn) 



-1 



Pm{Wm,n+l) 



Pm{'Wm,n+l) 



and since both factors on the right converge it follows that the columns on the left converge. 
This completes the proof. 
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Now, fix a;, — 1 < a; < 0, and fix distinct points j/i, • • • j/^+i e {l/x,x). Choose a 
sequence z^., '^z^ > 0, converging to x and observe that by the nature of bD^^ for each 
h 1 < « < n + 1, there is a sequence Umi G Iz^, m G N that converges to y^, and a sequence 
Wmi e Jzm that converges to yi. By (10.1) F{zm,Umi) converges to ip{x,yi) and by (10.2), 
F{zm,Wmi) converges to il^^x^yi). Now apply Lemma 10.1 to the sequence of polynomials 

W^Pmiw) = F{Zm,w) = ao{Zm) + ai{Zm)w -\ \- an{Zm)w"' 

to see that there are numbers a, = lim^^oo ciiizm), < i < n and that for each i, 1 < 
i < n + 1, 

ip{x, yi) = ao + aiyi H h anyf = i'i^^ Vi)- 

In particular, since yj were arbitrary, it follows that 

ip{x,y) =i;{x,y) {1/x <y < x). 

Moreover, keeping yi, • • • , y^+i fixed we see that ckq, cti, • • • , do not depend on z^ con- 
verging to X. This implies that each function z i-> ai{z) extends continuously to A+ U {x} 
and thus 

lim F{z,y) ^ao + aiy^ any"" ^ (f{x,y) 

In the same way we get 

lim F{z, y) = Po+Piy + --- p^y"" = ip{x, y) 

which, finally, implies that each a^, < j < n, extends holomorphically across (—1,0). In 
the same way we get that each a^ , < j < n, extends holomorphically across (t, 1), -F is 
well defined and 

F{z, w) = ao{z) + ai{z)w + ■ ■ ■ + an{z)w'' (2; G A \ {0, t}). 

11. Removable singularities of the coefficients at and at t 

In the preceding section we proved that 

f[z) = F{z, z) = oo(^) + ai{z)z + ■ ■ ■ + an(^)^" e A \ {0, t}) 

where the functions a^, < j < n, are holomorphic on A \ {0,t}. Recall that our / has 
the property that 

for each T eCoUCt the function z ^ {z - c{T)Yf{z) 
extends holomorphically from V. 

PROPOSITION 11.1 Suppose that f is as above and suppose that (11-1) holds. Then 
the functions aj, < j < n, extend holomorphically through A. 



= '^{x,y). 
= i^{x,y), 
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Proof. If r = 6A(0, R) then z = / z so the function 



z"" 



ai{z)R^ an{z)R^'' 



ao(2;) + — + ••• + 



(11.2) 



provides the holomorphic extension of z'^f{z) from F to A(0, R) \ {0} if < < t and to 
A(0,i?) \ {Q,t} lit < R< 1. 

Consider first the second case. In particular, when t < R <1 the function (11.2) has 
no singularity at t which is the same as to say that the function 

z 2;" 

has no singularity at t. Let Pj{z) be the singular part of in the Laurent expansion 
around t. We must have 

Po{z) + R^pi{z) + • • • + R^^niz) = {t<R<l) 

for ^ in a neighbourhood of t which implies that Pj{z) = (0 < j < n) so 2: i— )> aj{z) is 
holomorphic in a neighbourhood of t, which, since t > 0, implies that each a^, < j < n, is 
holomorphic in a neighbourhood of t. This shows that each aj, < j < n, is holomorphic 
on A \ {0}. 

Now observe that for each R, < R < 1, the function 

R^^ 

z^ z"^ [ao{z) + ai{z) \ h an{z)—^] = 

= ao{z)z'' + ai{z)R^z'^-'^ + • • • + an{z)R^'' 

provides the holomorphic extension of z"^ f from 6A(0, i?) to A(0, i?) \ {0}, By our as- 
sumption this extension must be holomorphic at 0. In the Laurent series at the origin, 
let 

qo be the singular part of z^qq 
qi be the singular part of z^~^ai 



We must have 
which implies that 



qn be the singular part of an- 
qo + R^qi + • • • + i?2"9n = (0 < < 1) 
qQ = qi = --- = qn = ^ 



and it follows that there are holomorphic functions /iq, /^i, • • " ) on A such that on A\{0} 
our function / has the form 

, hQiz) hi(z) , / N « 

f{z) = ^ + ^z + --- + K{z)z\ 
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We must now show that each aj has a removable singularity at the origin. To do this, we 
use the fact that from each circle &A(A, p(A)) G Ct the function / extends holomorphically 
through A(A, p(A)) \ {A} with a pole at A. On 6A(A, p(A)) we have 



^ = A + ^^ (0<A<t), 

Z — A 



SO our requirement will be that 
hojz) hi{z) 



A + 



z-X 



■^■■■ + hn{z) 



A + 



z-X 



must have no pole at the origin. This is the same as to say that 



ho{z) + hi{z) 



ziX + 



z-X 



+ --- + hn{z) 



ziX + 



p{>? 
z-X 



has a zero of order > n at for each A, < A < Requiring this we should then conclude 
that 

ho has a zero of order > n at the origin 
hi has a zero of order > n — 1 at the origin 



hn-i has a zero of order > 1 at the origin 

which is the same as to conclude that each of the functions Hq = Hq, Hi 
z'^hn has a zero of order > n at the origin. Thus, denoting 



zhi, 



(p{z,X) = A + 



pW' 

{z-X) 



we have to show that if 



Ho{z) + HiizMz, A) + • • • + Hn{z)<fi{z, A)' 



(11.3) 



has, for each A, zero of order > n at the origin, then the same hods for each Hj. Suppose 
that (11.3) has a zero at the origin for each A. This implies that 

Ho{0) + ffi (0)^(0, A) + H2{0M0, Xf + --- + HniOMO, A)'^ = 0. (11.4) 

We now use the fact that 

is a large set. This is so by the continuity: when A — > 0, A — p(A)^/A is very large and 
when A is near t, p(A) is near so A — p(A)^/A is near t.. Thus, (11.4) implies that 
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Ho{0) — ■ ■ ■ = Hn{0) = so Hq{z) = zGo{z), • ■ ■ ,Hn{z) = zGn{z) with Gi holomorphic. 
If (11.3), which now becomes 

z[Go{z) + Gi{z)^{z, A) + • • • + Gn{z)^{z, \r] , 

has a zero of order > n at the origin then 

Go{z) + G^{z)ip{z, A) + • • • + Gn{z)v{z, XT 

has a zero of order > n — 1 at the origin. In particular, 

^0(0) + G'i(0)(^(0, A) + • • • Gn(0)(^(0, A)" = 

and so, after n steps we deduce that each Hj has zero of order > n at the origin. This 
completes the proof of Theorem 4.1 and thus proves Theorem 1.1 in the case when ^ = 
and q; e A \ {0}, assuming that we have proved (8.1), (8.2) and (8.3). 

12. Proving (8.1), (8.2) and (8.3), Part 1 

We first look at (8.1), that is, at the function F on ri_|_. Write 

M+ = {{z,w) e M: > 0}. 
Clearly M_|_ is a part of hVts^. We have 



U {z} X hD, 



u 



U 

ze{o,t) 



We know that the function F is well defined and continuous on M+. We also know that 
the function F is continuous on 



zEA, Qz>Q 



U {z} X bD, 



zeA,Qz>0 



and that the extension is holomorphic on We now want to show that F extends 

continuously to 1)+ U M+ U 6+ where 

e+ = U {ry} X {3C < 0}. 
o<v<t 

The set 64. is a disjoint union of halfplanes attached to M_|_ along Uz6(o ^ ^ 

is contained in bQ+. In other words, we want to show that our function, holomorphic on 

Q+, extends continuously to 



_U X 

z€A, Qz>0 



U 



U Wx{3C<0} 

.o<v<t 
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which is (8.1) that we want to prove. This wiU imply that for each rj e (0,t) the function 
C I—)- F{r], Q is continuous on {'^( < 0} and holomorphic on < 0}. We wiU also show 
that it satisfies an estimate of the form 



|F(r/,C)|<M,(l + |C|r (»C<0) 



(12.1) 



which will, after proving the inequality also for > 0, give (8.3). To get an estimate of 
the form (12.1) we first prove the following 

LEMMA 12.1 Given rj, < rj < t there are an open disc U centered at r] and a constant 
M = M{U) such that 



1 



{w — iy 



-F{z,w) 



<M {z eU, Qz> 0, w e hD^). 



(12.2) 



Remark Note that for 2 G A, '^z > 0, Dg is contained in {^w < 0} where the function 
w I—)- l/{w — i) is holomorphic. 

Remark By the maximum priciple the estimate (12.2) implies that 

1 



F{z,w) 



<M {z eU, Qz > 0, w e 



which gives 



\F{z, w)<M{l + \w\y' (zeU, Qz>0,we D^) 

and which, after proving the desired continuous extendibility, gives (12.1). 

Proof. Note first that w h- )■ l/{w~i) is holomorphic on {Q^ti; < 0} and satisfies \l/{w—i)\ < 
1 {'^w < 0). Fix r], < r] < t. There are an open disc U centered at rj and Tq and Rq 
such that 

C/n A(T,p(T)) = (To<T<r/) and t/nA(O,i?) = {0 < R < Rq). 

In other words, ii z E U and {z} x (D meets A(T, p(T)) U 6A(T, p(T)) then necessarily 
< T < To, and if {z} x (D meets A(0, R) U bA{0, R) then necessarily Ro<R<\. 

Recall that K{T,p{T)) = {{C,T + p{Tf / {C -T)): < |C-T| < p(T)} and A(0, i?) = 
{(C, R^/O- < Id < R] and notice that iox w = T + p{Tf /{z - T) we have l/{w - i) = 
{z-T)/ [{T - i){z - T) + p{Tf] and for w = R^/z we have l/{w - i) = z/{R^ - iz). 

Choose £ > so smaU that e < p(To)^/(2V2) and e < Rl/2. Assume that z G 
U, ^z > 0. If {z} X (D meets A(T, p(T)) U 6A(T, p(T)) then < T < Tq and p(T) > p(To) 
so if I2; — T| < s then 

\p{Tf + {T-i){z-T)\> p{Tof -V2e> p{Tof/2. 

If {z} X (D meets A(0, R)\JbA{0, R) it follows that 1 > i? > -Ro and consequently, for \z\ < e 
we have \R'^ - iz\ > R^ - e > Rl/2. 
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Recall that on A(T, p(T) we have 



p I , ^ , Pit? \ _ d-n{T) rf-i(T) /^-T\ 



where, by Lemma 4.1, the functions ■ ■ ■ , are continuous and Ht are functions from 
the disc algebra, continuously depending on T. On A(0, R) we have 



where, by Lemma 4.1, the functions c_i, ■ ■ ■ , C-^^ are continuous and are functions from 
the disc algebra, continuously depending on R. 

Fix z e U, > 0, and fix T such that {^} x C meets A(T,p(T) U 6A(T,p(T)). 
Let G A(T,p(T) U 6A(T,p(T)). We know that this implies that < T < Tq so 

1 > pI?") > p(Tb). Suppose first that \z - T\ < e. Then 



1 



w{z) — i 



F{z,w{z)) 



z-T 



{T-i){z-T) + p{TY 
1 



(T-.)(^-T)+p(T)^ 
d_,(T) + d_,+i(T)(^ - T) + • • • d_i(T)(z - T)--i + - T)-./iT ^ 



< 



< 



2 


n 







|d,(T)| + --- + |d_i(T)|£--i+£- 



Since |l/(t(;(2;) — z)] < 1 it follows that if |2; — T| >e then 
1 



w{z) — i 



F{z,w{z)) 



^ \d-n{T)\ ^ 



I \d-iiT)\ ^ 



Since the functions dj, —n < j < —1 are continuous and since hr, the functions in the 
disc algebra, continuously depend on T the right hand sides of both inequalities above are 
uniformly bounded for < T < Tq. It follows that the function {z, w) h- )■ F[z^ w)/{w — i)^ 
is bounded on U^;eJ7 sja>o 

{z} X A^. 

Now, let z eU, Qz > and fix R such that {z} x (D meets A{0,R) U bA{0,R). We 
know that this implies that R > Rq. Let {z, w{z) e A(0, R) U 6A(0, R). As above, suppose 



22 



first that \z\ < s. Then 



1 



w{z) — i 

z 



R'^-iz 
1 

{B? - izY 



F{z,wiz)) 

Cn{R) 



+ 



C-i{Rl (Z 



C-n{R) + ■■■ + C-1{R)Z^-' + Z^QR (I) 



< 



^(4 



-^j .[|c_„(i2)| + ... + |c_i(i?)| + |^^(|) 



Since \ l/{w{z) — i)| < 1 it follows that if |2; — T| >e then, as above, 
1 



w{z) 



F{z,w{z)) 



< 



\c.n{R)\ , , \C-l{R)\ ^ 



9r 



(^) 



Since the functions Cj, —n < j < — 1 are continuous and since Qr, the functions in the 
disc algebra, continuously depend on R the right hand sides of both inequalities above are 
uniformly bounded for Rq < R <1. It follows that the function (2;, w) h- )■ F{z^ w)/{w — i)" 
is bounded on Uzet/ 92>o{-^} ^ which completes the proof of Lemma 12.1. 

13. Completing the proof of (8.1), (8.2) and (8.3) 

We use the map w ^ fiw) = l/{w — i) which maps {Q'C ^ 0} homeomorphically to 
P \ {i} where P is the disc in (D centered at i/2 of radius 1/2 and which maps {Qw < 0} 
biholomorphically to P. Note that (p~^{W) — 1/W + i. Thus, the map {z,w) ^{z,w) = 
{z,(p{w)) maps (D x {Qw < 0} homeomorphically to (D x (P \ {0}) and (D x {Qw < 0} 
biholomorphically to (D x P. 

The map $ maps the domain biholomorphically to the domain E_|_ = — 
U26A Qz>oi^} ^ where for each 2 G A, '^z > 0, Ez — <f{Dz) is a domain in P whose 
boundary consists of two circular arcs with endpoints (fi{z) and (fi{l/z). When z, '^z > 0, 
converges to a point t] G (0,t), the endpoints converge to the points (/?(l/r/) and (p{r]) on 
bP and the domains Eg converge to P. Clearly 



$(M+) = 



U {z} X bEz 

zeA,Qz>0 



u 



U {4x(6P\{0}) 

-?e(o,t) 



We want to prove that F extends continuously to [C/ fl P] x {^w < 0}. This will be 
done if we prove that the function W ^ F{z, 1/W + i), which is continuous on 



U {z} X bEz 

z&U,Qz>0 



u 



U {4x[(,P\{0}] 

.z€UnR 
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and which is continuous on 



U X 

zeU,Qz>0 



and holomorphic on Uzeu Qz>o{'^} ^ extends continuously to {j^^unui^} ^ [-'^ \ i^}]- 
By what we have shown above the function 



G{z,W) 



{W = 0) 



is continuous on 



U {z} X bE, 



zeU,Qz>0 



U 



y {z} X 6P 



and continuous on [j^^u Qz>o{^} ^ -^-^ holomorphic on U«ei7Sj«>o{'^} ^ The 
continuous extendibility of F which we want to prove will be proved once we have shown 
that our function G extends continuously to 



U i'} X 



z€U, Qz>0 



U 



U to} X P 



With no loss of generality assume that E Ez for all z E U, '^z > 0. We understand that 
Eg — F for z E U nlR. The domains E^ change continously with z in the sense that bE^ 
change continuously with z in Frechet's sense [Ts, p. 383] which, by a theorem of Courant 
[Ts, p. 383] implies that if for each z e U, Qz >0, ijjg is the conformal map from A to 
"ipziO) = 0, 'i/'z(0) > 0, these maps change continuously with z, uniformly on A. It follows 
that if we set ^{z,w) = {z,iIjz{w)) then \1/ maps {z G t/, '^z > 0} x A homeomorphically 
onto Uzet/ Qz>oi^} ^ R-scall that the function G is continuous on IJ^eLf Qz>oi^} ^ 
and is also continuous on IJzet/, Qz>oi^} ^ and holomorphic on IJzet/, Qz>o 

{z} X Ez. 

Let J = Go The function J is continuous on {2; G C/, > 0} x A and holomorphic 
on each {z} x A, z e U, Qz > 0, and is also continuous on {z G t/, $>2; > 0} x bA. By the 
continuity it follows that for each z G (0, t) the function J extends holomorphically through 
{z} X A and if wc define the extension J so that on each {z} x A it is the holomorphic 
extension of J from {z} x 6A, then so extended function will be, by the continuity of J on 
{z E U, > 0} X bA and by the maximum principle, continuous on IJzec/ Qz>oi^} ^ ^• 
It follows that J o v^^^ provides the necessary extension of G to U^elt Qz>o{^} ^ Eg. 

This completes the proof of (8.1), and "half of (8.3). In the same way we prove (8.2) 
and the "other half of (8.3). Theorem 4.1 is proved. This proves Theorem 1.1 in the case 

(2.2) . 

The proof of Theorem 1.1 in the cases (2.3) and (2.4) is almost the same. The case 

(2.3) is the limiting case of (2.2) when t tends to 1. For z E A, z ^IR, the domain Dg is 
now bounded by Ig, the segment joining z and 1/z, and by Xg, the arc of the circle passing 
thhrough z, 1/z and 1, with endpoints z and 1/z, which does not contain 1. Folding occurs 
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only on the interval (—1,0) and there is only the singularity at the origin to remove in 
proving the analyticity of the coefficients oq, ■ ■ ■ , on A. The case (2.4) is even simpler. 
The domain is now bounded by A;^ and where is the arc on the circle passing 
through ^, 1/z and —1, with endpoints 'z and which does not contain —1. There is 
no folding and no singularity to remove. Theorem 1.1 is proved. 

14. Remarks and open questions 

Remark In Theorem 1.1 the continuity of / at the boundary is essential as shown by the 
example 



of a function which extends holomorphically from every circle F e Co UCi/2 yet it is not 
holomorphic on A. 

Remark Note that if / is continuous on A and of the form (1.1) then a^, < j < n, 
need not be continuous on A. To see this, let be a bounded holomorphic function on 
A that does not extend continuously to A. Then f{z) = (1 — |2;p)^(2;) = g{z) — [zg{z)\z 
extends continuously through A yet the functions g and zg do not. 

Example 14.1 The function g{z,w) = \w\'^ iiz,w) e bB) extends holomorphically into B 
along each complex line passing through the origin and along each complex line parallel 
to one of the coordinate axes that meets IB . Let M be the Moebius transform in (D ^ 
which maps the origin to the point a = (1/2, 1/2) [Ru]. M maps the the complex lines 
through the origin to >C(a), the complex lines parallel to the 2;— axis to C{b) and the 
complex lines parallel to the tu— axis to jC{c) where b, c are contained in (D^ \ B and satisfy 
< a\b >—< a\c >~ 1, < b\c >^ 1. The function f = g o is real analytic on 6B and 
extends into B along each complex line L G C{a) U C{b) U £(c) yet it does not extend 
holomorphically into B, and so, by the main result of [G3], a is the only point in B such 
that / extends holomorphically into B along each complex line through this point. 

This example shows that in Theorem 1.2 and Corollary 1.3 one cannot drop the assumption 
that < a\b 1 if one of the points a, b is in B and the other in (D^ \ B. It is easy to 
see that the points a, b, c do not lie on the same complex line so the example shows also 
that there are triples o, b, c of points in (C^, not lying on the same complex line, such that 
C{a) U C{b) U C{c) is not a test family for holomorphic extendibility for C°°{bB), 

Example 14.2 Let 



This is a function of class C on 6B which extends holomorphically into B along any 
complex line which meets {0} x A. In particular, it extends holomorphically into B along 
every complex line that is parallel to the 2;— axis. Let M be the Moebius map in (C^ that 
maps the origin to the point (1/2, 0). The function f = go extends holomorphically 
into B along any complex line that meets L n B where L = {{z,w): z = 1/2} and along 
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each complex line passing through (2, 0) yet it does not extend holomorphically through 

IB. Choosing a, 6 G L fl IB and c = (2, 0) we have < a\b >=< a\c >= 1 which shows that in 
Corollary 1.3 we cannot drop the assumption that one of the numbers <a|6>, < a\c> is 
different from 0. 

If i? is a complex line that misses IB then given a finite set {ai, a2, ■ ■ ■ , ftn} C E 
there is a real analytic function on 6IB which extends holomorphically into IB along every 
L e JC{ai) U C{a2) U • • • U >C(a„), yet it does not extend holomorphically through B [KM, 
G3]. The situation in the case when E is tangent to 6IB is unclear. If E meets B the 
situation is different for functions of class the lines through two points ai, a2 suffice 
provided that < ai\a2 1 in the case that one of the points ai,a2 is in B and the 
other in (D^ \ B [G3]. The situation is different for functions of class C'^: Given numbers 
ti,t2, • • • ,tn, 1 < ti < t2 < ■ ■ ■ < tn < oo the function 



is a function of class C on 6B which extends holomorphically into B along each complex 
line which meets A x {0} as well as along each complex line L e >C((ti,0)) U £((t2,0)) U 
■ ■ ■ U jC{{tn,0)) yet does not extend holomorphically through B. 
We conclude with the following open 

QUESTION Suppose that a,b,c E (C^ do not lie on the same complex line and assume 
that A(a, 6) n B = A(6, c) n B = A(a, c) n B = 0. Is £(a) U C{b) U £(c) a test family for 
holomorphic extendibility for C{bM)? If not, is this family a test family for holomorphic 
extendibility for (6B) ? 
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